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A NON-LOCAL POROUS MEDIA EQUATION
LUIS CAFFARELLI, MARIA GUALDANI, NICOLA ZAMPONI
Abstract. In this manuscript we consider a non-local porous medium equation with non-
local diffusion effects given by a fractional heat operator{
∂tu = div (u∇p),
∂tp = −(−∆)
sp+ u2,
in three space dimensions for 1/2 < s ≤ 1. Global in time existence of weak solutions is
shown by employing a time semi-discretization of the equations, an energy inequality and a
uniform estimate for the first moment of the solution to the discretized problem.
1. Introduction
In this manuscript we study existence of weak solutions to a porous medium equation with
non-local diffusion effects:
(1)
{
∂tu = div (u∇p),
∂tp = −(−∆)sp+ u2.
Here u(x, t) ≥ 0 denotes the density function and p(x, t) ≥ 0 the pressure. We analyze the
problem when x ∈ R3 and 12 <s ≤ 1. The model describes the time evolution of a density
function u that evolves under the continuity equation
∂tu = div (uv),
where the velocity is conservative, v = ∇p, and p is related to u2 by the inverse of the
fractional heat operator ∂t + (−∆)s.
Problem (1) is the parabolic-parabolic version of a parabolic-elliptic problem recently stud-
ied in [2]. In [2] the authors studied existence of sign-changing weak solutions to
∂tu = div (|u|∇α−1(|u|m−2u)).(2)
Notice that for m = 3 and α = 2− 2s equation (2) reads as
∂tu = div (u∇p), p = (−∆)−su2, 0 < s ≤ 1,(3)
which is the parabolic-elliptic version of the system (1) considered in this current manuscript.
The introduction of ∂tp in the equation for the pressure makes our system quite different from
(2). For example, techniques such as maximum principle and Stroock-Varopoulos inequality
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do not work in the current parabolic-parabolic setting. We overcome these major shortcom-
ings with the introduction of ad-hoc regularization terms, together with suitable compact
embeddings and moment estimates (see later for a more detailed explanation).
A linear parabolic-elliptic version of (1)
∂tu = div (u∇p), p = (−∆)−su, 0 < s ≤ 1,(4)
was studied by the first author and collaborators in a series of papers: existence of weak
solutions for (4) is proven in [6, 4, 15] and Ho¨lder regularity in [5]. The case s = 1 also
appeared in [1] as a model for superconductivity.
Systems (4) and (1) are also reminiscent to a well-studied macroscopic model proposed for
phase segregation in particle systems with long range interaction:
(5)
{
∂tu = ∆u+ div (σ(u)∇p),
p = K ∗ u.
Here σ(u) := u(1 − u) denotes the mobility of the system and K a bounded, symmetric
and compactly supported kernel. This model was proposed in [8] and appears as the hy-
drodynamic (or mean field) limit of a microscopic model undergoing phase segregation with
particles interacting under a short-range and long-range Kac potential. System (5) can also
be reformulated as the gradient flow associated to the free energy functional
H[u, p] =
∫
u log u+ (1− u) log(1− u) + pu dx.
Several variants of (5) have been considered in the literature and we refer to [14, 8, 10, 9] and
references therein for more detailed discussions on this topic. In fact, any system that, at
certain temperatures, exhibits coexistence of different densities (for example fluid and vapor
or fluid and solid) has equilibrium configurations that segregates into different regions; the
surface of these regions are minimizers of a free energy functional. Given a perturbation
of such equilibrium state, the relaxation of the density function u(x, t) can be described in
general by nonlinear integro-differential equations.
We also mention [13] for the study of a deterministic particle method for heat and Fokker-
Planck equations of porous media type where the non-locality appears in the coefficients.
The condition that the pressure satisfies a parabolic equation introduces non-trivial compli-
cations in the analysis of (1). The non-local structure prevents the equation from satisfying
a comparison principle. Moreover maximum principle does not give useful insights, since
at any point of maximum for u we only know that ∂tu ≤ u∆p. We also remark that the
techniques for (4) do not apply here, as they rely on the fact that u and p are linked by an
elliptic operator. We overcome the difficulties related to the lack of comparison and max-
imum with the introduction of several regularizations. Stampacchia truncation arguments
yield non-negativity of the solutions and a modified Minty’s trick will be used to identify the
limit for u2.
The main result of this manuscript is summarized in the following theorem:
Theorem 1. Let uin, pin : R
3 → (0,+∞) be functions such that uin, pin ∈ L1(R3),
∫
R3
u2in +
|∇pin|2 dx < +∞ and
∫
R3
uinγ(x) dx < +∞, with γ(x) :=
√
1 + |x|2. Let q > 3/s and
1/2 < s ≤ 1. There exist functions u, p : R3 × [0,∞)→ [0,+∞) such that for every T > 0
u ∈ L∞(0, T, L1 ∩ L2(R3)), p ∈ L∞(0, T,H1 ∩ L1(R3)),
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p ∈ L2(0, T,Hs+1(R3)), sup
[0,T ]
∫
R3
uγ dx < +∞,
∂tu ∈ L2(0, T, (W 1,q(R3))′), ∂tp ∈ L2(0, T, (L2 ∩ L4(R3))′),
which satisfy the following weak formulation to (1):∫ T
0
〈∂tu, φ〉dt +
∫ T
0
∫
R3
u∇p · ∇φdxdt = 0 ∀φ ∈ L2(0, T ;W 1,q(R3)),∫ T
0
〈∂tp, ψ〉dt +
∫ T
0
∫
R3
((−∆)sp− u2)ψdxdt = 0 ∀ψ ∈ L2(0, T ;L2 ∩ L4(R3)),
lim
t→0
u(t) = uin in W
1,q(R3)′, lim
t→0
p(t) = pin in (L
2 ∩ L4(R3))′.
The starting point about our analysis is the observation that
H[u, p] :=
∫
R3
(
u2 +
1
2
|∇p|2
)
dx
is a Lyapunov functional for (1) and satisfies the bound∫
R3
(
u2 +
1
2
|∇p|2
)
dx+
∫ T
0
∫
R3
|(−∆)s/2∇p|2dxdt =
∫
R3
(
u2in +
1
2
|∇pin|2
)
dx.
Indeed, formal computations show that
d
dt
∫
R3
u2dx = 〈div (u∇p), 2u〉 = −2
∫
R3
u∇u · ∇pdx = −
∫
R3
∇u2 · ∇pdx.
Testing the equation for p against ∆p we obtain∫
R3
∇u2 · ∇pdx = d
dt
∫
R3
|∇p|2
2
dx+
∫
R3
∇p · (−∆)s∇pdx
=
d
dt
∫
R3
|∇p|2
2
dx+
∫
R3
|(−∆)s/2∇p|2dx,
which leads to
d
dt
H[u, p] +
∫
R3
|(−∆)s/2∇p|2dx = 0 t > 0.
The proof of Theorem 1 is based on a time semi-discretization of (1). The discretization
and regularization of the problem yield existence of a solution to the semi-discretized problem
that is uniform in terms of the time-step. This is achieved via the mass conservation and the
decay in time of the energy functional. Suitable compactness embeddings are obtained via
weighted norms. The condition s > 1/2 is needed for Hs+1 to embed compactly in L∞. If
one considers the problem in Rd, d ≥ 4 such embedding is lost for s < 1 and an alternative
approach is needed.
One major problem in the proof is how to obtain strong convergence of u since very few
informations for u are provided by the energy inequality. To overcome this problem we use
the quadratic form
A[w1, w2] = 1
2
∫ T
0
∫ T
0
∫
R6
K(x− y, |t− τ |)w1(x, t)w2(y, τ) 1
1 + |x| dx dy dτ dt,
with K the fundamental solution to the fractional heat operator ∂t + (−∆)s = 0. We show
that A[w1, w2] +A[w2, w1] defines a scalar product and that any sequence that is Cauchy in
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the A-norm converges almost everywhere. This, together with strong convergence results for
p, will allow for strong convergence of u.
Therefore, a by-product of our analysis is the following lemma:
Lemma 1. Let K be the fundamental solution to the fractional heat operator ∂t + (−∆)s.
For any regular enough function w we have
A[w,w] :=
∫ T
0
∫ T
0
∫
R6
K(x− y, |t− τ |)w(x, t)w(y, τ) dx
1 + |x| dy dτ dt ≥ 0,
and A[w,w] = 0 if and only if w = 0.
This last inequality is the starting point (work in progress in [3]) for the analysis of (1)
when the pressure satisfies the equation
∂tp = −(−∆)sp+ u.
We remark that Theorem 1 also holds for a general power nonlinearity of the form uβ,
β ≥ 63+2s . In such case the main energy estimate reads as∫
R3
(
uβ +
1
2
|∇p|2
)
dx+
∫ T
0
∫
R3
|(−∆)s/2∇p|2dxdt =
∫
R3
(
uβin +
1
2
|∇pin|2
)
dx.
and existence of solutions is achieved via the addition of regularizing terms of p-Laplacian
type, such as div(|∇u|β−2∇u). The calculation are very similar, just slightly more technical.
The condition β ≥ 63+2s is necessary to control the term u∇p, see estimate (63): given u
uniformly bounded in L∞(Lβ) and ∇p in L∞(Lβ)∩L2(L6/(3−2s)) (from the energy estimate),
the term
∫ T
0
∫
R3
u∇p∇φ dxdt is well defined if and only if β ≥ 63+2s . The condition β ≥ 63+2s
is a shortcoming in our argument that we hope to fix it in the near future.
The study of the long time behavior of weak solutions to 1 has been studied in [7]. There
the authors show algebraic decay towards the stationary solutions u = 0 and ∇p = 0 in the
L2(R3)-norm.
The rest of the paper is organized as follows: in Section 2 we show two preliminary technical
lemmas. The proof of the main theorem is in Section 3. Lemma 1 is shown at the end of
Section 3.5.1
2. Some technical results
We first prove two lemmas that will be used later.
Lemma 2. Let g : [0,∞) → [0,∞) be a continuous, nondecreasing function such that
limr→∞ g(r) =∞. For κ ∈ [1, 2] define the functional space Vg,κ as
Vg,κ := H
1(R3) ∩ Lκ(R3, g(|x|)dx) =
{
f ∈ H1(R3) :
∫
R3
f(x)κg(|x|)dx <∞
}
.
Then Vg,κ is compactly embedded in L
q(R3) for any κ ≤ q < 6.
Proof. Let {fn} be a uniformly bounded sequence in Vg,κ. We first notice that there exists a
subsequence, still denoted with fn such that
fn ⇀ f weakly in Vg,κ.
Denote with BR the ball of center x = 0 and radius R. Since H
1(BR) is compactly embedded
in Lq(BR) for any 1 ≤ q < 6, there exists a subsequence, still denoted with fn such that
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fn → f strongly in Lq(BR), for any 1 ≤ q < 6. Thanks to a Cantor diagonal argument, the
subsequence fn can be chosen to be independent of R.
Next we show that {fn} is a Cauchy sequence in Lκ(R3): for n,m big enough∫
R3
|fn − fm|κ dx =
∫
BR
|fn − fm|κ dx+
∫
BcR
|fn − fm|κ dx
≤ ε
2
+
1
g(R)
∫
BcR
g(|x|)|fn − fm|κ dx ≤ ε
by choosing R big enough. Therefore ‖fn − f‖Lκ(R3) → 0.
Strong convergence in any other Lq(R3) for any κ < q < 6 follows from Gagliardo-
Nirenberg-Sobolev inequality:
‖fn − f‖Lq(R3) ≤ ‖∇(fn − f)‖θL2(R3)‖fn − f‖1−θLκ(R3).

Lemma 3. Define η(x) = (1 + |x|2)−α/2 with α > 4 and for every R ≥ 1 we set ηR(x) =
η(x/R). For s > 1/2 we have
|(−∆)sη(x/R)| ≤ C
R
.
Proof. First we observe that
∃C > 0 : |∇ηR|+ |∆ηR| ≤ CR−1 in R3, ∀R ≥ 1.
Then we write
(−∆)sη(x/R) = c(s)P.V.
∫
B1
ηR(x+ y) + ηR(x− y)− 2ηR(x)
|y|3+2s dy
+ c(s)P.V.
∫
Bc1
ηR(x+ y) + ηR(x− y)− 2ηR(x)
|y|3+2s dy
≤c(s)‖D2ηr‖L∞
∫
B1
1
|y|1+2s dy + c(s)‖∇ηr‖L∞
∫
Bc1
1
|y|2+2s dy ≤
C
R
.

3. Proof of the main theorem
For δ > 0 (small enough), define the spaces
X := L2 ∩ L6−δ(R3), Y :=
{
g ∈ H1(R3) :
∫
R3
g2γdx <∞
}
,
where
γ(x) :=
√
1 + |x|2.
For every measurable function g : R3 → R ∪ {±∞} we denote by g+ := max{g, 0} and
g− := min{g, 0} its positive and negative part, respectively.
For given constants ̺1, ̺2, τ, ε > 0, functions u
∗ ∈ Y and p∗ ∈ H2s(R3) such that u∗, p∗ ≥ 0
a.e. in R3, consider the discrete problem∫
R3
u− u∗
τ
φ+ u∇p · ∇φdx+ ̺1∇u · ∇φ+ εuφγ dx = 0 ∀φ ∈ Y,(6)
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p− p∗
τ
+ (−∆)sp− ̺2∆p− u2 = 0.(7)
The proof of Theorem 1 is devided into several steps: we first show existence of solution to
(6), (7) by Leray-Schauder fixed point theorem. After we perform the limits ε → 0, τ → 0,
and ̺2 → 0 (in this order). The last limit is ̺1 → 0; it is the most complicated one since we
need compactness for u without relying on the term ̺1
∫
R3
∇u · ∇φdx. Here is where Lemma
1 is used.
3.1. Existence for (6)-(7). For given constants ̺, τ, ε > 0, σ ∈ [0, 1], functions z ∈ X,
u∗ ∈ Y and p∗ ∈ H2s(R3) such that u∗, p∗ ≥ 0 a.e. in R3, consider the linear problem∫
R3
(τ−1(u− u∗)φ+ σz+∇p · ∇φ)dx+ ̺1
∫
R3
∇u · ∇φdx+ ε
∫
R3
uφγdx = 0 ∀φ ∈ Y,(8) ∫
R3
(τ−1(p− p∗)ψ + (−∆)s/2p · (−∆)s/2ψ + ̺2∇p · ∇ψ − z2ψ)dx = 0 ∀ψ ∈ H1(R3).(9)
We first solve (9). Choosing δ ≤ 2 we have that z2 ∈ L2(R3). Therefore Lax-Milgram
lemma yields existence of a unique solution p ∈ H1(R3). Moreover standard elliptic regularity
results imply that p ∈ H2(R3) and consequently ∇p ∈ L2 ∩ L6(R3).
We now solve (8). Since z ∈ L4(R3) and ∇p ∈ L4(R3), the linear mapping
φ ∈ Y 7→
∫
R3
(τ−1u∗φ− σz+∇p · ∇φ)dx ∈ R
is continuous for δ > 0 small enough. Once more, Lax-Milgram lemma yields the existence of
a unique solution u ∈ Y to (8).
We can now define the mapping
F : (z, σ) ∈ X × [0, 1] 7→ u ∈ X,
where (u, p) ∈ Y × H2(R3) is the unique solution to (8), (9). Clearly F (·, 0) is a constant
mapping. Moreover F is continuous and also compact due to the compact embedding Y →֒ X,
see Lemma 2.
Next we show that any fixed point u ∈ Y of F (·, σ) is nonnegative and uniformly bounded
in σ. For that we use a Stampacchia truncation argument. This method is generally used
in nonlinear elliptic problems to show positivity, boundedness and higher regularity via the
choice of particular test functions. In our case by choosing φ = u− and ψ = p− as test
functions we get ∫
R3
(τ−1(u−)
2 + ̺1|∇u−|2dx ≤ 0,∫
R3
τ−1(p−)
2 + ((−∆)s/2p−)2 + ̺2|∇p−|2dx ≤ 0,
from which it follows that u, p ≥ 0 a.e. in R3. The nonnegativity of u and the H2(R3)-
regularity of p allow for the formulation∫
R3
(τ−1(u− u∗)φ+ σu∇p · ∇φ)dx+ ̺1
∫
R3
∇u · ∇φdx+ ε
∫
R3
uφγdx = 0 ∀φ ∈ Y,(10)
τ−1(p− p∗) + (−∆)sp− ̺2∆p− u2 = 0 in R3.(11)
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We now search for uniform bounds with respect to σ: choosing φ = u in (10) leads to∫
R3
(τ−1(u− u∗)u+ ̺1
∫
R3
|∇u|2dx+ ε
∫
R3
u2γdx = −σ
∫
R3
u∇p · ∇udx = σ
2
∫
R3
u2∆pdx.
On the other hand, multiplying (11) by ∆p ∈ L2(R3) and integrating in R3 yields∫
R3
u2∆pdx =
∫
R3
(τ−1(p− p∗) + (−∆)sp− ̺∆p)∆pdx
= −τ−1
∫
R3
(∇p−∇p∗) · ∇pdx−
∫
R3
|(−∆)s/2∇p|2dx− ̺2
∫
R3
(∆p)2dx.
Given that
(u− u∗)u ≥ u2/2− (u∗)2/2, (∇p−∇p∗) · ∇p ≥ |∇p|2/2 − |∇p∗|2/2,
we deduce
1
τ
∫
R3
(
u2
2
+
σ
4
|∇p|2
)
dx+ ̺1
∫
R3
|∇u|2dx+ ε
∫
R3
u2γdx
+
σ
2
∫
R3
|(−∆)s/2∇p|2dx+ ̺2σ
2
∫
R3
(∆p)2dx(12)
≤ 1
τ
∫
R3
(
(u∗)2
2
+
σ
4
|∇p∗|2
)
dx.
The above estimate yields a bound for u in H1(R3) which is uniform in σ. Together with
the Sobolev embedding H1(R3) →֒ L2 ∩ L6−δ(R3) = X we have that u belongs to X, with
‖u‖X bounded uniformly with respect to σ. Leray-Schauder fixed point theorem yields the
existence of a fixed point u ∈ Y for F (·, 1), i.e. a solution (u, p) ∈ Y ×H2(R3) to∫
R3
u− u∗
τ
φdx+
∫
R3
u∇p · ∇φdx+ ̺1
∫
R3
∇u · ∇φdx+ ε
∫
R3
uφγdx = 0 ∀φ ∈ Y ,(13)
p− p∗
τ
+ (−∆)sp−̺2∆p− u2 = 0 in R3,(14)
such that u, p ≥ 0 a.e. in R3 and (12) holds for σ = 1:
1
τ
∫
R3
(
u2
2
+
1
4
|∇p|2
)
dx+ ̺1
∫
R3
|∇u|2dx+ ε
∫
R3
u2γdx(15)
+
1
2
∫
R3
|(−∆)s/2∇p|2dx+ ̺2
2
∫
R3
(∆p)2dx ≤ 1
τ
∫
R3
(
(u∗)2
2
+
1
4
|∇p∗|2
)
dx.
3.2. The limit ε → 0. The next step is to take the limε→0 in (13)-(15). Note that all the
bounds provided by (15) are enough to pass to the limit except for the second term of (13) and
the last one of (14). For these we need the existence of a subsequence u(ε) strongly convergent
in some Lp space.
Since (15) already shows uniform bound for the H1-norm of u, one possible way to show
compactness is using Lemma 2 with κ = 1, meaning to show a bound for
∫
R3
u(ε)γdx. To
this aim we first assume that u∗ satisfies
∫
R3
u∗γdx < ∞. We define η(x) = (1 + |x|2)−α/2
with α > 4 and for every R ≥ 1 we set ηR(x) = η(x/R). It follows that γηR ∈ L1 ∩ L∞(R3).
Moreover, it is easy to see that a constant C > 0 exists such that |∇η| + |D2η| ≤ Cη in R3;
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a fortiori |∇ηR|+ |D2ηR| ≤ CηR in R3 with the same R−independent constant C. From this
property it is straightforward to show that
∃C > 0 : |∇(ηRγ)|+ |D
2(ηRγ)|
ηRγ
≤ C in R3, ∀R ≥ 1.
Therefore one is allowed to choose φ = ηRγ in (13) and deduce
τ−1
∫
R3
(u(ε) − u∗)ηRγdx =
∫
R3
(−u(ε)∇p(ε) · ∇(ηRγ) + ̺u(ε)∆(ηRγ)− εu(ε)ηRγ2)dx.
Since |∇(ηRγ)| ≤ C in R3 for R ≥ 1, the uniform bounds for u and ∇p in L2(R3) yield
a uniform (w.r.t. ε, τ,R, ̺) bound for u∇p · ∇(ηRγ) in L1(R3). Moreover, the fact that
|D2(ηRγ)| ≤ CηRγ with C independent of R implies that
̺1
∫
R3
u(ε)∆(ηRγ)dx ≤ C̺1
∫
R3
u(ε)ηRγdx.
We deduce
(1− Cτ̺1)
∫
R3
u(ε)ηRγdx ≤
∫
R3
u∗ηRγdx+ C
′τ ≤
∫
R3
u∗γdx+ C ′τ.
Choosing τ < C−1/2 we can take the limit R→∞ in the above inequality and conclude (by
Beppo Levi monotone convergence theorem)
(16) (1− Cτ̺1)
∫
R3
u(ε)γdx ≤
∫
R3
u∗γdx+ C ′τ.
The estimates obtained in (15), (16) provide us with ε−uniform bounds for u(ε) in the space
Z ≡ H1(R3) ∩ L1(R3, γdx),
which embedds compactly in L1 ∩L6−δ(R3) for every δ ∈ (0, 5]. Therefore u(ε) is (up to sub-
sequences) relatively strongly compact in L1 ∩L6−δ(R3) as well as relatively weakly compact
in H1(R3). Then there exists a subsequence (still denoted with u(ε)) such that
u(ε) → u strongly in L1 ∩ L6−δ(R3), u(ε) → u a.e..(17)
Therefore
(u(ε))2→ u2 strongly in L2(R3), u(ε) → u strongly in L3/s(R3).(18)
Going back to the limit in (14) and (13) we have that as ε→ 0∫
R3
(u(ε))2ψ dx→
∫
R3
u2ψ dx, ∀ψ ∈ L2(R3),∫
R3
u(ε)∇p(ε) · ∇φdx→
∫
R3
∫
R3
u∇p · ∇φdx, ∀φ ∈ H1(R3),
where we used (18) for the first limit, and (18) together with ∇p(ε) ⇀ ∇p in L6/(3−2s)(R3)
to obtain the second limit (remember that p(ε) is relatively weakly compact in H1+s(R3)).
Summarizing, taking the limit ε → 0 in (13), (14) and subsequently employing a standard
density argument we get∫
R3
(τ−1(u− u∗)φ+ u∇p · ∇φ)dx+ ̺1
∫
R3
∇u · ∇φdx = 0 ∀φ ∈ H1(R3),(19)
τ−1(p − p∗) + (−∆)sp− ̺2∆p− u2 = 0 in R3.(20)
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Moreover u, p ≥ 0 a.e. in R3 and
1
τ
∫
R3
(
u2
2
+
1
4
|∇p|2
)
dx+ ̺1
∫
R3
|∇u|2dx(21)
+
1
2
∫
R3
|(−∆)s/2∇p|2dx+ ̺2
2
∫
R3
(∆p)2dx ≤1
τ
∫
R3
(
(u∗)2
2
+
1
4
|∇p∗|2
)
dx.
Fatou’s lemma and almost everywhere convergence (17) imply that
(1− Cτ̺1)
∫
R3
uγdx ≤
∫
R3
u∗γdx+ C ′τ.
We show now conservation of mass for u and p. Since
∃C > 0 : |∇ηR|+ |∆ηR| ≤ CR−1 in R3, ∀R ≥ 1,
by choosing φ = ηR in (19) and integrating by parts we get
τ−1
∣∣∣∣
∫
R3
(u− u∗)ηRdx
∣∣∣∣ =
∣∣∣∣
∫
R3
(−u∇p · ∇ηR + ̺1u∆ηR)dx
∣∣∣∣
≤ CR−1(‖u‖L2‖∇p‖L2 + ‖u‖L1).
The right-hand side of the above inequality is finite thanks to (16). The limit R→∞ in the
above inequality (by monotone convergence) leads to∫
R3
(u− u∗)dx = 0.
In the same way, multiplying (20) by ηR, integrating in R
3 and integrating by parts leads to
τ−1
∫
R3
(p− p∗)ηRdx =
∫
R3
(u2ηR + ̺2p∆ηR − p(−∆)sηR)dx.(22)
Since there exists a constant C > 0 such that |(−∆)sηR| ≤ CR−1 in R3 for all R ≥ 1, see
Lemma 3, the bound for the mass of p follows∫
R3
pdx =
∫
R3
p∗dx+ τ
∫
R3
u2dx.
At this point we have proved the existence of sequences (uk)k∈N ⊂ H1(R3), (pk)k∈N ⊂
H2(R3) such that u0 = uin, p0 = pin, and for k ≥ 1 uk, pk ≥ 0 a.e. in R3,∫
R3
(τ−1(uk − uk−1)φ+ uk∇pk · ∇φ)dx+ ̺1
∫
R3
∇uk · ∇φdx = 0 ∀φ ∈ H1(R3),(23)
τ−1(pk − pk−1) + (−∆)spk − ̺2∆pk − u2k = 0 in R3,(24)
with the estimates
1
τ
∫
R3
(
u2k
2
+
1
4
|∇pk|2
)
dx+ ̺1
∫
R3
|∇uk|2dx(25)
+
1
2
∫
R3
|(−∆)s/2∇pk|2dx+ ̺2
2
∫
R3
(∆pk)
2dx ≤ 1
τ
∫
R3
(
(uk−1)
2
2
+
1
4
|∇pk−1|2
)
dx,
(1− Cτ̺1)
∫
R3
ukγdx ≤
∫
R3
uk−1γdx+C
′τ,(26)
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ukdx =
∫
R3
uk−1dx,
∫
R3
pkdx =
∫
R3
pk−1dx+ τ
∫
R3
u2kdx.(27)
Choose T > 0 arbitrary. Define N = T/τ , u(τ)(t) = u0χ{0}(t) +
∑N
k=1 ukχ((k−1)τ,kτ ](t),
p(τ)(t) = p0χ{0}(t) +
∑N
k=1 pkχ((k−1)τ,kτ ](t). Moreover define the backward finite difference
w.r.t. time Dτ as
Dτf(t) ≡ τ−1(f(t)− f(t− τ)), t ∈ [τ, T ].
We can rewrite (23)–(26) with the new notation:∫ T
0
∫
R3
((Dτu
(τ))φ+ u(τ)∇p(τ) · ∇φ)dxdt+ ̺1
∫ T
0
∫
R3
∇u(τ) · ∇φdxdt = 0(28)
∀φ ∈ L2(0, T ;H1(R3)),∫ T
0
∫
R3
((Dτp
(τ))ψ + ((−∆)s/2p(τ))((−∆)s/2ψ) + ̺2∇p(τ) · ∇ψ − (u(τ))2ψ)dx = 0(29)
∀ψ ∈ L2(0, T ;H1(R3)),∫
R3
(
(u(τ))2
2
+
1
4
|∇p(τ)|2
)
dx+ ̺1
∫ t
0
∫
R3
|∇u(τ)|2dxdt′ + ̺2
2
∫ t
0
∫
R3
(∆p(τ))2dxdt′(30)
+
1
2
∫ t
0
∫
R3
|(−∆)s/2∇p(τ)|2dxdt′ ≤
∫
R3
(
(uin)
2
2
+
1
4
|∇pin|2
)
dx,∫
R3
u(τ)(t)γdx ≤ (1− Cτ̺1)−t/τ
∫
R3
uinγdx+ C
′t(1− Cτ̺)−1,(31) ∫
R3
u(τ)(t)dx =
∫
R3
uindx,
∫
R3
p(τ)(t)dx ≤
∫
R3
pindx+ Ct t ∈ [0, T ],(32)
where all the constants in (32) and (31) only depend on the entropy at initial time.
3.3. The limit τ → 0. We first estimate the time derivative of the density function:∣∣∣∣
∫ T
0
∫
R3
(Dτu
(τ))φ dxdt
∣∣∣∣ ≤
∣∣∣∣
∫ T
0
∫
R3
u(τ)∇p(τ) · ∇φ dxdt
∣∣∣∣+ ̺1
∣∣∣∣
∫ T
0
∫
R3
∇u(τ) · ∇φ dxdt
∣∣∣∣
≤‖∇p(τ)‖L∞(0,T ;L2(R3))‖u(τ)‖L2(0,T ;L6(R3))‖∇φ‖L2(0,T,L3(R3))
+ ̺1‖u(τ)‖L2(0,T ;H1(R3))‖φ‖L2(0,T ;H1(R3))
≤C(T )‖φ‖L2(0,T ;W 1,3∩H1(R3)),
using (30) and the Sobolev embedding L2(0, T ;H1(R3)) →֒ L2(0, T ;L6(R3)). This yields
‖Dτu(τ)‖L2(0,T ;(W 1,3∩H1(R3))′) ≤ C(T ).(33)
The embedding H1(R3) ∩ L1γ(R3) →֒ L2(R3) is compact thanks to Lemma 2. Therefore
Aubin-Lions Lemma applied to u(τ) with the functional spaces
L2(0, T,H1(R3) ∩ L1γ(R3)) →֒ L2(0, T, L2(R3)) →֒ L2(0, T, (W 1,3 ∩H1(R3))′)
yields the existence of a subsequence of u(τ) (which we denote again with u(τ)) such that
u(τ) → u strongly in L2(0, T ;L2(R3)),
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and
u(τ) → u a.e. in R3 × [0, T ].(34)
Since (u(τ))2 ∈ L∞(0, T, L1(R3)) ∩ L1(0, T, L3(R3)) interpolation yields
‖(u(τ))2‖L2(0,T,L3/2(R3)) ≤ ‖(u(τ))2‖L∞(0,T,L1(R3))‖(u(τ))2‖L1(0,T,L3(R3)),(35)
and consequently
(u(τ))2 ⇀ u2 in L2(0, T, L3/2(R3)),(36)
thanks to (34). Hence as τ → 0:∫ T
0
∫
R3
(u(τ))2ψ dxdt→
∫ T
0
∫
R3
u2ψ dxdt, for all ψ ∈ L2(0, T,H1(R3)).
From the uniform bounds for u(τ) in L∞(0, T ;L1γ(R
3)) in (31) and the strong convergence
of u(τ) in L2(0, T ;L2(R3)) it follows u(τk) is a Cauchy sequence in the L2(0, T, L1(R3))-norm.
In fact, for R big enough we have∫ T
0
(∫
R3
|u(τk) − u(τm)| dx
)2
dt ≤
∫ T
0
(∫
BR
|u(τk) − u(τm)| dx+ 1
R
∫
BcR
|u(τk) − u(τm)|γ(x) dx
)2
dt
≤ C(R3)
∫ T
0
∫
BR
|u(τk) − u(τm)|2 dxdt+ 1
R2
∫ T
0
(∫
BcR
|u(τk) − u(τm)|γ(x) dx
)2
dt ≤ ε,
for k,m ≥ N with N big enough. Therefore
u(τ) → u strongly in L2(0, T ;L1(R3)),
and via Gagliardo-Nirenberg inequality
u(τ) → u strongly in L2(0, T ;L1 ∩ L6−ǫ(R3)) ∀ǫ ∈ (0, 5].(37)
Moreover directly from (30)
u(τ) ⇀ u weakly in L2(0, T ;H1(R3)),
u(τ) ⇀ u weakly* in L∞(0, T ;L2(R3)).
From (33), (37) it follows
Dτu
(τ) ⇀ ∂tu weakly in L
2(0, T, (W 1,3 ∩H1(R3))′).
Since p(τ) is uniformly bounded in L∞(0, T, L1(R3)) and ∇p(τ) is uniformly bounded in
L∞(0, T, L2(R3)), Gagliardo-Nirenberg and the entropy inequality (30) yield
‖p(τ)‖L∞(0,T,H1(R3))+‖p(τ)‖L2(0,T ;Hs+1(R3)) ≤ C,(38)
where C only depends on the initial data. Hence there exists a subsequence of p(τ) (which we
denote again with p(τ)) such that
p(τ) ⇀ p weakly in L2(0, T ;Hs+1(R3)),
p(τ) ⇀∗ p weakly* in L∞(0, T,H1(R3)).
In particular
(39) ‖p‖L∞(0,T,H1(R3)) + ‖p‖L2(0,T,Hs+1(R3)) ≤ C.
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We now look at the term ∫ T
0
∫
R3
(u(τ)∇p(τ) − u∇p) · ∇φ dxdt,
with φ ∈ L2(0, T,W 1,q ∩H1(R3)), q > 3, and rewrite it as∫ T
0
∫
R3
(u(τ)∇p(τ) − u∇p) · ∇φ dxdt =
∫ T
0
∫
R3
(u(τ) − u)∇p(τ) · ∇φ dxdt
+
∫ T
0
∫
R3
u(∇p(τ) −∇p) · ∇φ dxdt = I1 + I2.)
Since
|I1| ≤ ‖u(τ) − u‖L2(0,T,L6−ε(R3))‖∇φ‖L2(0,T,Lq(R3))‖∇p(τ)‖L∞(0,T,L2(R3)), q > 3,
we conclude that |I1| → 0 as τ → 0 thanks to (37). Moreover also |I2| → 0 as τ →
0 since u∇φ ∈ L2(0, T, L4/3(R3)), with a bound independent on τ , and ∇p(τ) ⇀ ∇p in
L2(0, T, L2 ∩ L6(R3)).
Let us look at the discrete time derivatives of the pressure function. Thanks to (35) we
have ∫ T
0
∫
R3
(u(τ))2ψdxdt ≤ ‖(u(τ))2‖L2(0,T ;L3/2(R3))‖ψ‖L2(0,T ;L3(R3))
≤ C(T, ̺1)‖ψ‖L2(0,T ;H1(R3)),
which implies ∣∣∣∣
∫ T
0
∫
R3
(Dτp
(τ))ψ dxdt
∣∣∣∣ ≤ C(T, ̺1, ̺2)‖ψ‖L2(0,T,H1(R3)).(40)
Since p(τ) is bounded in L∞(0, T,H1(R3)) and Dτp
(τ) is bounded in L2(0, T,H−1(R3)), we
can invoke Aubin-Lions lemma to conclude that p(τ) → p strongly in L1(0, T, L1(Ω)), for
every Ω ⊂ R3 bounded, and (up to a subsequence) p(τ) → p a.e. in Ω. A Cantor’s diagonal
argument yields
p(τ) → p strongly in L1(0, T, L1(R3)), p(τ) → p a.e in R3.(41)
Finally (40) and (41) imply
Dτp
(τ) ⇀ ∂tp weakly in L
2(0, T,H−1(R3)).
This last limit should be understood as Dτp
(τ) converges to a function that equals ∂tp in the
sense of distributions.
At this point we can take the limit τ → 0 in (28) and (29), which yields∫ T
0
〈∂tu, φ〉dt +
∫ T
0
∫
R3
u∇p · ∇φdxdt(42)
+ ̺1
∫ T
0
∫
R3
∇u · ∇φdxdt = 0 ∀φ ∈ L2(0, T ;W 1,q ∩H1(R3)), q > 3,
∫ T
0
〈∂tp, ψ〉dt +
∫ T
0
∫
R3
((−∆)sp− u2)ψdxdt(43)
+ ̺2
∫ T
0
∫
R3
∇p · ∇ψdxdt = 0 ∀ψ ∈ L2(0, T ;H1(R3)).
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Using Fatou’s lemma and the lower weak semicontinuity of the Lp norm we deduce from (30)
the following entropy inequality∫
R3
(
u2
2
+
1
4
|∇p|2
)
dx+ ̺1
∫ t
0
∫
R3
|∇u|2dxdt′ + ̺2
2
∫ t
0
∫
R3
(∆p)2dxdt′(44)
+
1
2
∫ t
0
∫
R3
|(−∆)s/2∇p|2dxdt′ ≤
∫
R3
(
(uin)
2
2
+
1
4
|∇pin|2
)
dx.
We point out that log[(1 − Cτ̺1)−t/τ ] = − tτ log(1 − Cτ̺1) → Ct̺1 as τ → 0, therefore
(1 − Cτρ)−t/τ → eCt̺ as τ → 0. Then Fatou’s lemma applied to (31), thanks to the a.e.
convergence in (34), yields
(45)
∫
R3
uγdx ≤ eCt̺1
∫
R3
uinγdx+ C
′t.
We now show conservation of mass for u and L∞(0, T, L1(R3))-norm for p. Since u(τ) → u
a.e. in R3 × [0, T ] and ‖u(τ)‖L∞(0,T,L2(R3)) ≤ C, Vitali’s convergence theorem ensures that
u(τ) → u strongly in L1(BR) for a.e. t > 0. This, together with (45), implies that u(τ)
strongly converges in L1(R3) for a.e. t > 0. In fact for R ≥ Cε one has∫
R3
|u(τk) − u(τm)| dx =
∫
BR
|u(τk) − u(τm)| dx+ 1
R
∫
BcR
|u(τk) − u(τm)|γ(x) dx ≤ ε
for k and m big enough. Therefore
∫
R3
u(τ) dx→ ∫
R3
u dx and thanks to (32)∫
R3
u(t)dx =
∫
R3
uindx.(46)
Furthermore, thanks to the a.e. convergence of p(τ) (41) we can apply Fatou’s Lemma in
(32) and get ∫
R3
p(t)dx≤
∫
R3
pindx+ Ct, t ∈ [0, T ].(47)
3.4. The limit ̺2 → 0. From the entropy inequality (44) and the mass conservation (47) we
deduce the following ρ2−uniform bounds:
‖u‖L∞(0,T ;L2(R3)) + ‖u‖L2(0,T ;H1(R3)) ≤ C(ρ1, T ),(48)
‖p‖L∞(0,T ;H1(R3)) + ‖p‖L2(0,T ;Hs+1(R3)) +
√
ρ2‖∆p‖L2(0,T ;L2(R3)) ≤ C(T ).(49)
Moreover, from (42), (43), (48), (49) we deduce ρ2−uniform bounds for the time derivatives
of u, p:
‖∂tu‖L2(0,T ;H−1(R3)) + ‖∂tp‖L2(0,T ;H−1(R3)) ≤ C(T, ρ1).(50)
Estimates (48)–(50) and the compact Sobolev embeddings H1(Ω) →֒ L6−ǫ(Ω), Hs+1(Ω) →֒
W 1,6/(3−2s)−ǫ(Ω) allow us to apply Aubin-Lions Lemma and deduce (up to subsequences)
u(ρ2) → u strongly in L2(0, T ;L6−ǫ(Ω)), p(ρ2) → p strongly in L2(0, T ;W 1, 63−2s−ǫ(Ω)),
for every bounded open Ω ⊂ R3 and ǫ > 0. Bounds (48), (49) also imply (up to subsequences)
the following weak convergence relations
u(ρ2) ⇀∗ u weakly-* in L∞(0, T ;L2(R3)),
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u(ρ2) ⇀ u weakly in L2(0, T ;H1(R3)),
p(ρ2) ⇀∗ p weakly-* in L∞(0, T ;H1(R3)),
p(ρ2) ⇀ p weakly in L2(0, T ;Hs+1(R3)).
Thanks to the convergence relations stated above, taking the limit ρ2 → 0 in (42), (43) is at
this point straightforward and leads to∫ T
0
〈∂tu, φ〉dt +
∫ T
0
∫
R3
u∇p · ∇φdxdt(51)
+ ̺1
∫ T
0
∫
R3
∇u · ∇φdxdt = 0 ∀φ ∈ L2(0, T ;W 1,q ∩H1(R3)), q > 3,
∫ T
0
〈∂tp, ψ〉dt +
∫ T
0
∫
R3
((−∆)sp− u2)ψdxdt = 0 ∀ψ ∈ L2(0, T ;H1(R3)).(52)
The same convergence relations allow us to apply Fatou’s Lemma in (44) and obtain∫
R3
(
u2
2
+
1
4
|∇p|2
)
dx+ ̺1
∫ t
0
∫
R3
|∇u|2dxdt′(53)
+
1
2
∫ t
0
∫
R3
|(−∆)s/2∇p|2dxdt′ ≤
∫
R3
(
(uin)
2
2
+
1
4
|∇pin|2
)
dx.
We also point out that (46), (47) hold true also after taking the limit ρ2 → 0.
3.5. The limit ̺1 → 0. In the rest of the paper we denote ρ1 with ρ for the sake of brevity.
The uniform L∞(0, T ;L2(R3)) bound for u(̺) implies that (up to subsequences)
(u(̺))2 ⇀∗ v weakly* in L∞(0, T ;M(R3)),(54)
where M(R3) ≡ (Cc(R3))′ is the space of Radon measures.
We look at (52) and estimate the time derivative of p(̺) using (53):∣∣∣∣
∫ T
0
〈∂tp(̺), ψ〉dt
∣∣∣∣ ≤‖(u(̺))2‖L∞(0,T,L1(R3))‖ψ‖L1(0,T,L∞(R3))
+ ‖(−∆)sp(̺)‖L2(0,T,L2(R3))‖ψ‖L2(0,T,L2(R3))
≤ C(T ) (‖ψ‖L1(0,T ;L∞(R3)) + ‖ψ‖L2(0,T ;L2(R3)))
≤ C(T )‖ψ‖L2(0,T ;L2∩L∞(R3)).
Hence
‖∂tp(̺)‖L2(0,T ;(L2∩L∞(R3))′) ≤ C,(55)
and therefore
∂tp
(̺) ⇀ ∂tp weakly in L
2(0, T ; (L2 ∩ L∞(R3))′).
Since s > 1/2, it holds Hs+1(Ω) →֒ L∞(Ω) compactly for every Ω ⊂ R3 bounded. Therefore
(53) and (55) allow us to apply Aubin-Lions Lemma and deduce
p(̺) → p strongly in L2(0, T ;L∞(BR)) ∀R > 0,(56)
where BR is the open ball of R
3 with center 0 and radius R. On the other hand, the same
compact Sobolev embedding Hs+1(Ω) →֒ L∞(Ω) and the bounds in (53) ensure that p(̺) is
bounded, and therefore weakly-* convergent (up to subsequences), in L2(0, T ;L∞(R3)).
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We can now pass to the limit ̺→ 0 in (43) and obtain∫ T
0
〈∂tp, ψ〉dt+
∫ T
0
∫
R3
ψ (−∆)sp dxdt =
∫ T
0
〈v, ψ〉dt,
for every ψ ∈ L2(0, T ;Cc(R3)).
3.5.1. The limit ̺1 → 0 in (42). Let us define g(x) = (1+ |x|)−1, x ∈ R3. We first prove that
a constant κ > 0 exists such that∫ T
0
∫
R3
((u(ρ))2 − (u(ρ′))2)(p(ρ) − p(ρ′))gdxdt + κ
∫ T
0
∫
R3
(p(ρ) − p(ρ′))2gdxdt ≥ 0(57)
for every ρ, ρ′ > 0.
Let us consider the first integral on the left-hand side of (57). From (52) it follows∫ T
0
∫
R3
((u(ρ))2 − (u(ρ′))2)(p(ρ) − p(ρ′))gdxdt
=
1
2
∫
R3
(p(ρ)(T )− p(ρ′)(T ))2gdx+
∫ T
0
∫
R3
(−∆)s/2((p(ρ) − p(ρ′))g)(−∆)s/2(p(ρ) − p(ρ′))dxdt.
Since
(−∆)s/2((p(ρ) − p(ρ′))g)(x) =
∫
R3
(p(ρ) − p(ρ′))(x)g(x) − (p(ρ) − p(ρ′))(y)g(y)
|x− y|3+s dy
= g(x)
∫
R3
(p(ρ) − p(ρ′))(x)− (p(ρ) − p(ρ′))(y)
|x− y|3+s dy +
∫
R3
g(x) − g(y)
|x− y|3+s (p
(ρ) − p(ρ′))(y)dy
= g(x)(−∆)s/2(p(ρ) − p(ρ′))(x) +
∫
R3
g(x)− g(y)
|x− y|3+s (p
(ρ) − p(ρ′))(y)dy,
it holds ∫ T
0
∫
R3
((u(ρ))2 − (u(ρ′))2)(p(ρ) − p(ρ′))gdxdt(58)
=
1
2
∫
R3
(p(ρ)(T )− p(ρ′)(T ))2gdx+
∫ T
0
∫
R3
|(−∆)s/2(p(ρ) − p(ρ′))|2gdxdt + I,
where
I =
∫ T
0
∫
R3
(−∆)s/2(p(ρ) − p(ρ′))
∫
R3
g(x)− g(y)
|x− y|3+s (p
(ρ) − p(ρ′))(y)dy dxdt.
We wish to estimate I. Let us first observe that
|g(x) − g(y)|
|x− y|3+s ≤
1
|x− y|2+s
1
1 + |x|
1
1 + |y| ≤ G(x− y)
√
g(x)g(y),
G(z) ≡ 1|z|2+s
√
1 + |z| ∀z ∈ R
3.
By Young’s inequality and other elementary integral estimates we get
|I| ≤
∫ T
0
∫
R3
|(−∆)s/2(p(ρ) − p(ρ′))|√g
(
G ∗ ((p(ρ) − p(ρ′))√g)
)
dxdt
≤ 1
2
∫ T
0
∫
R3
|(−∆)s/2(p(ρ) − p(ρ′))|2gdxdt+ 1
2
∫ T
0
∫
R3
∣∣∣G ∗ ((p(ρ) − p(ρ′))√g)∣∣∣2 dxdt
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≤ 1
2
∫ T
0
∫
R3
|(−∆)s/2(p(ρ) − p(ρ′))|2gdxdt+ 1
2
‖G‖2L1(R3)
∫ T
0
∫
R3
(p(ρ) − p(ρ′))2gdxdt.
Since 12 < s < 1 it holds G ∈ L1(R3), so the above estimate and (58) imply (57) for κ ≥
1
2‖G‖2L1(R3).
Inequality (57) allows us to define a scalar product (·, ·)A as follows
(w1, w2)A =
1
2
∫ T
0
∫
R3
(w1P [w2] + w2P [w1])gdxdt + κ
∫ T
0
∫
R3
P [w1]P [w2]gdxdt,
where, for i = 1, 2, P [wi] is the solution to
∂tP [wi] + (−∆)sP [wi] = wi in R3, t > 0, P [wi](0) = 0 in R3.
Correspondingly, we define the norm ‖ · ‖A in a natural way as
‖w‖A ≡
√
(w,w)A
for every measurable function w : R3 × (0,∞)→ R such that (w,w)A <∞.
For w ∈ L∞(0, T, L1(R3)), semigroup theory allows us to write P [w] as
(59) P [w](t) =
∫ t
0
K(t− τ) ∗ w(τ)dτ, t > 0,
with K(x, t) being the fundamental solution to the fractional heat equation (see [16] for a
review on fractional heat equation)
gt + (−∆)sg = 0, t > 0, x ∈ R3.
Now we wish to show that (u(ρ))2 is a Cauchy sequence with respect to the norm ‖ · ‖A.
Let us now fix ǫ > 0 arbitrary and consider the quantity
‖(u(̺))2 − (u(̺′))2‖2A =
∫ T
0
∫
R3
(
((u(ρ))2 − (u(ρ′))2)(p(ρ) − p(ρ′)) + κ(p(ρ) − p(ρ′))2
)
gdxdt
= J inR,̺,̺′ + J
ext
R,̺,̺′ ,
with
J inR,̺,̺′ =
∫ T
0
∫
BR
(
((u(ρ))2 − (u(ρ′))2)(p(ρ) − p(ρ′)) + κ(p(ρ) − p(ρ′))2
)
gdxdt,
JextR,̺,̺′ =
∫ T
0
∫
R3\BR
(
((u(ρ))2 − (u(ρ′))2)(p(ρ) − p(ρ′)) + κ(p(ρ) − p(ρ′))2
)
gdxdt.
Since u(̺) is bounded in L∞(0, T ;L2(R3)) and p(̺) is bounded in L2(0, T ;L2 ∩ L∞(R3)), we
deduce the existence of a number R∗(ǫ) > 0 such that
|JextR∗(ǫ),̺,̺′ | ≤
ǫ
2
∀̺, ̺′ > 0.
From (56) and the L2(0, T ;L2 ∩ L∞(R3)) bound for u(̺) we get the existence of a number
̺∗(ǫ) > 0 such that
|JextR∗(ǫ),̺,̺′ | ≤
ǫ
2
̺, ̺′ < ̺∗(ǫ).
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We deduce that (u(̺))2 is a Cauchy sequence with respect to ‖ · ‖A. We next show that, up
to subsequences, (u(̺))2 it is almost everywhere convergent. Since u(̺) is a Cauchy sequence
w.r.t. ‖ · ‖A, we can find a strictly increasing sequence (nk)k∈N ⊂ N of indices such that
‖(u(̺n))2 − (u(̺m))2‖A < 2−k n,m ≥ nk, k ≥ 1.
In particular, being nk+1 > nk for k ≥ 1,
‖(u(̺nk ))2 − (u(̺nk+1 ))2‖A < 2−k, k ≥ 1,
and
∞∑
k=1
‖(u(̺nk ))2 − (u(̺nk+1 ))2‖A < 1.
Let us define
wℓ(x, t) ≡
ℓ∑
k=1
|(u(̺nk ))2(x, t)− (u(̺nk+1 ))2(x, t)|, ℓ ≥ 1,
w(x, t) ≡
∞∑
k=1
|(u(̺nk ))2(x, t)− (u(̺nk+1 ))2(x, t)|.
It follows
‖wℓ‖A ≤
ℓ∑
k=1
‖(u(̺nk ))2 − (u(̺nk+1 ))2‖A ≤
∞∑
k=1
‖(u(̺nk ))2 − (u(̺nk+1 ))2‖A < 1.
However, (59) allows us to write
‖wℓ‖2A =
∫ T
0
∫
R3
wℓP [wℓ]gdxdt+ κ
∫ T
0
∫
R3
P [wℓ]
2gdxdt
≥
∫ T
0
∫ t
0
∫
R6
K(x− y, t− τ)wℓ(x, t)wℓ(y, τ)g(x)dxdydτdt.
Since wℓ ≥ 0 and K ≥ 0, the definition of g(x) = (1 + |x|)−1 implies
1 > ‖wℓ‖2A ≥
∫ T
0
∫ t
0
∫
R6
K(x− y, t− τ)wℓ(x, t)wℓ(y, τ)
1 + |x|+ |y| dxdydτdt.(60)
The right-hand side of (60) can be rewritten in a more convenient way:∫ T
0
∫ t
0
∫
R6
K(x− y, t− τ)wℓ(x, t)wℓ(y, τ)
1 + |x|+ |y| dxdydτdt
=
∫ T
0
∫ T
τ
∫
R6
K(x− y, t− τ)wℓ(x, t)wℓ(y, τ)
1 + |x|+ |y| dxdydtdτ
=
∫ T
0
∫ T
t
∫
R6
K(x− y, τ − t)wℓ(x, t)wℓ(y, τ)
1 + |x|+ |y| dxdydτdt
=
1
2
∫ T
0
∫ T
0
∫
R6
K(x− y, |t− τ |)wℓ(x, t)wℓ(y, τ)
1 + |x|+ |y| dxdydtdτ.
Therefore (60) leads to∫ T
0
∫ T
0
∫
R6
K(x− y, |t− τ |)wℓ(x, t)wℓ(y, τ)
1 + |x|+ |y| dxdydtdτ < 2.
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Since wℓ is an increasing sequence of nonnegative measurable functions, by Beppo Levi mono-
tone convergence theorem it follows that∫ T
0
∫ T
0
∫
R6
K(x− y, |t− τ |)w(x, t)w(y, τ)
1 + |x|+ |y| dxdydtdτ ≤ 2.
This means that w <∞ a.e. R3 × (0, T ). In fact, if w =∞ on Ω ⊂ R3 × (0, T ) with |Ω| > 0,
then ∫ T
0
∫ T
0
∫∫
R6
K(x− y, |t− s|)w(x, t)w(y, s)
1 + |x|+ |y| dx dy ds dt
≥
∫
Ω
∫
Ω
K(x− y, |t− s|)w(x, t)w(y, s)
1 + |x|+ |y| dxdt dyds =∞.
We have thus proved that
∞∑
k=1
|(u(̺nk ))2(x, t)− (u(̺nk+1 ))2(x, t)| = w(x, t) <∞ a.e. x ∈ R3, 0 < t < T.
Therefore, for a.e. x ∈ R3, 0 < t < T , and for every ε > 0, there exists ℓε(x, t) ∈ N such that
∞∑
k=ℓ
|(u(̺nk ))2(x, t)− (u(̺nk+1 ))2(x, t)| < ε ∀ℓ ≥ ℓε(x, t).
In particular,
|(u(̺nr ))2(x, t)−(u(̺nℓ ))2(x, t)| ≤
r∑
k=ℓ
|(u(̺nk ))2(x, t)−(u(̺nk+1 ))2(x, t)| < ε r > ℓ ≥ ℓε(x, t).
This means that, for a.e. x ∈ R3, 0 < t < T , the sequence (u(̺))2 is a Cauchy sequence, and
therefore converging. We conclude that
(u(̺))2 → u2, a.e. in R3 → (0, T ).(61)
Since u(̺) ∈ L∞(0, T, L1 ∩ L2(R3)) by (44) and (45), Vitali’s convergence theorem yields
u(̺) → u strongly in L∞(0, T ;Lr(Ω)), q ≥ 1, 1 ≤ r < 2.(62)
We can identify the limit v of (u(̺))2 with v = u2.
We now look for estimates for ∂tu
(̺). Inequality (44) yields∣∣∣∣
∫ T
0
∫
R3
u(̺)∇p(̺) · ∇φ dxdt
∣∣∣∣
≤ ‖u(̺)‖L∞(0,T,L2(R3))‖∇φ‖L2(0,T,L 3s (R3))‖∇p
(̺)‖
L2(0,T,L
6
3−2s )
(63)
≤ C‖∇φ‖L2(0,T,L3/s(R3)),
which implies ∣∣∣∣
∫ T
0
〈∂tu(̺), φ〉dt
∣∣∣∣ ≤ C(T )‖φ‖L2(0,T,W 1,3/s∩H1(R3)),
and, as ̺→ 0,
∂tu
(̺) ⇀ ∂tu weakly in L
2(0, T, (W 1,3/s ∩H1(R3))′).
A NON-LOCAL POROUS MEDIA EQUATION 19
Let now φ ∈ L2(0, T,W 1,q ∩H1(R3)) for q > 3/s. We have∫ T
0
∫
R3
(u(̺)∇p(̺) − u∇p) · ∇φ dxdt =
∫ T
0
∫
R3
(u(̺) − u)∇p(̺) · ∇φ dxdt
+
∫ T
0
∫
R3
u(∇p(̺) −∇p) · ∇φ dxdt
=I1 + I2.
Since for any r < 2 there exists q > 3 such that
|I1| ≤ ‖u(τ) − u‖L∞(0,T,Lr(R3))‖∇φ‖L2(0,T,Lq(R3))‖∇p(τ)‖L2(0,T,L6/(3−2s)(R3)),
we conclude that |I1| → 0 as τ → 0 thanks to (62). Moreover also |I2| → 0 as ̺ → 0 since
u∇φ ∈ L2(0, T, L4/3(R3)) and ∇p(̺) ⇀ p in L2(0, T, L2 ∩ L6(R3)).
Furthermore
ρ
∫ T
0
∫
R3
∇u(̺) · ∇φ dxdt→ 0,
since ρ‖∇u(̺)‖2L2(0,T,L2(R3)) ≤ C. Summarizing up, when ̺→ 0 in (42), (43) we get∫ T
0
〈∂tu, φ〉dt+
∫ T
0
∫
R3
u∇p · ∇φdxdt = 0 ∀φ ∈ L2(0, T ;W 1,q ∩H1(R3)), q > 3/s,(64) ∫ T
0
〈∂tp, ψ〉dt+
∫ T
0
∫
R3
((−∆)sp− u2)ψdxdt = 0 ∀ψ ∈ L2(0, T ;L2 ∩ L∞(R3)),(65)
with the estimates∫
R3
(
u(t)2 +
1
2
|∇p(t)|2
)
dx+
∫ t
0
∫
R3
|(−∆)s/2∇p|2dxdt′ ≤
∫
R3
(
(uin)
2 +
1
2
|∇pin|2
)
dx.
Taking the lim inf̺→0 in both sides of (47), Fatou’s Lemma and the a.e. convergence p
(̺) → p
in R3 × (0,∞) imply ∫
R3
p(t)dx ≤
∫
R3
pindx+ Ct, t ∈ [0, T ],
while the uniform bounds for p and the weak semicontinuity of the Lp norm implies
‖p‖L2(0,T,Hs+1(R3)) + ‖p‖L∞(0,T,H1(R3)) ≤ C.
Finally, bound (63) and a density argument allow us to state that (64) holds for every φ ∈
L2(0, T ;W 1,q(R3)), q > 3/s. Fatou’s Lemma applied to (45) yields
(66)
∫
R3
u(t)γdx ≤
∫
R3
uinγdx+ C
′t.
Mimicking the same argument as in the proof of (46) one can show that∫
R3
u(t) dx =
∫
R3
uin dx.
Finally, since
u ∈ H1(0, T, (W 1,q(R3))′), p ∈ H1(0, T, (L2 ∩ L∞(R3))′)
we have that limt→0 u(t) = uin in W
1,q(R3))′ and limt→0 p(t) = pin in (L
2 ∩ L∞(R3))′.
This concludes the proof of Theorem 1.
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